The relationship between the reduction of order through point symmetries and integration is explored with particular emphasis on the loss and gain of point Ž . contact for third order symmetries to and from nonlocal symmetries. It is seen that reduction of order can even lead to the loss of all point symmetries at the third order level and their replacement at the second order level from nonlocal symmetries. It is evident that nonlocal symmetries should be given more attention in applications. ᮊ
INTRODUCTION
The usual procedure in the solution of any ordinary differential equation is to search for some method whereby the order of the equation is depressed. The two standard methods are reduction of order using a Lie point symmetry and determination of a first integral. These are not equivalent processes.
In the reduction of order the point symmetry which is used to derive the new variables does not give a symmetry for the reduced equation 
Ž .
Although one tends to think that G is annihilated in the process of the reduction of order, this is not the case. It simply ceases to have relevance for the reduced equation which contains u,¨, and deri¨ati¨es of¨. To Ž . maintain consistency of the dimension of the space the transformation 2 Ž . which maps from the space of the three variables x, y, yЈ should include a third term defining a third variable in addition to X and Y. This is the nonlocal variable, I, which will be expressed as an integral in terms of the Ž . new variables X and Y. I is not a characteristic of 4 and we do not need the terms with derivatives with respect to I for the Lie point symmetries of w x Ž . the reduced equation 2 . Hence in this interpretation 5 is
Ž .
Ѩ I so that G is not annihilated by the reduction of order. It simply does not have relevance to the reduced equation. When a symmetry is used to determine a first integral for a differential equation, the symmetry provides an integrating factor for the equation and Ž remains as a symmetry of the first integral. For first order equations the w x direct determination of the integrating factor is known 22, p. 95; 6 , but the theory has not, to our knowledge, been extended to higher order . equations. Thus, if there exists a symmetry G of a differential equation E x, y, yЈ, . . . , y Ž n. s 0, 7 Ž .
i.e., Ž .
is a first integral which G provides, Ž .
ŽBy the statement that the symmetry G provides the first integral I we mean that the first integral is a solution to the two differential equations Ž . Clearly the first integral admits G as a symmetry, but in 11 we imply that .
w k x the integral follows from the symmetry. In the above G is the kth w x extension of G and is given by 28
Ž . Ž . It is common to regard 9 as an n y 1 th order differential equation containing a parameter I, but in fact there is a difference between the two Ž . conceptions. When 9 is considered as a first integral, it possesses a Ž . Ž . symmetry G if 10 applies. When 9 is considered as a differential equation, it possesses a symmetry G if
Ž ny 1. Ž .
which has the first integral
the change is even more dramatic. The first integral has three point w x symmetries 20 whereas the differential equation has an infinite number of symmetries. In terms of computation the difference is simple to explain.
Ž . As a first integral 17 , say, has three determining equations for the Ž . coefficient functions, and . As a differential equation 17 has one determining equation for the coefficient functions and it is obvious that there must be an infinite number of symmetries as the system is underdetermined. The conceptual basis for the difference is found in the idea of w x Ž . configurational invariants 13, 33 . The first integral 9 is a function, Ž Ž ny1. . f x, y, yЈ, . . . , y , to which we attach a label, I. When we think of I as Ž . the value which f has and regard 9 as an equation, we are treating it as a configurational invariant because the equation is now a constraint.
That reduction of order costs a symmetry and integration does not is not necessarily a prescription to prefer integration over reduction of order. Both processes can involve loss of other symmetries of the original differential equation. If an equation has no obvious symmetry but is integrable, the integration route is to be preferred. The lack of an obvious symmetry would generally mean no point symmetry. There could be a nonlocal or contact symmetry, but these are not so easy to determine in a Ž systematic way in the case of a second order ordinary differential equa-. tion for the latter . Naturally the integral would have no point symmetry. If the original equation were of the second order and possessed no point symmetry, one would generally be regarded as optimistic to expect to be able to integrate it a second time and so reduce the solution to quadraw x tures. However, such examples exist. One of them 34, p. 105 is
The treatment of 18 in 34 was for p a real nonzero constant and g x a w x nonzero but otherwise arbitrary function. Unless 34 Ž .
w x w x However, doubt 3 has been cast over the validity of the analysis in 8 .
Ž . That 18 can be integrated twice is of its own interest. However, we wish to illustrate its solution by means of a different approach. Equation Ž . 18 has no point symmetries. Had it arrived by reduction of order from a third order equation, the third order equation would have at least one symmetry. Were we able to integrate this equation using this symmetry, the integral would have one symmetry and the corresponding second order equation at least one symmetry and so a further reduction of order would Ž be possible. If the third order equation had more than one symmetry due . to a poor choice of symmetry for the original reduction of order , i.e., there w x were Type I hidden symmetries 4, 1 , the situation would be equally attractive. There is, of course, the not precisely minor matter of what type of symmetry to choose. In that matter we are guided by two not unrelated facts. In third order equations of maximal symmetry there is only one symmetry which does not require a knowledge of the solution of the equation or its adjoint and that is the homogeneity symmetry
Ž . Ž . were maintained in the first integral 31 which, when regarded as a differential equation, has eight. These extra symmetries cannot be classified as Type I hidden symmetries as those arise on increase of order nor as w x Type II hidden symmetries 4, 1 as those arise on reduction of order. As they arise when the integral is treated as an equation, we propose to call them configurational symmetries.
This example should not be considered as an isolated rarity although it is a particularly dramatic example. We consider it to be of interest to look at the sources of these additional symmetries and to explore their links with hidden, nonlocal, or generalised symmetries of the original equation. Due to the importance of second order differential equations in applica-Ž tions which equations, when the Riccati transformation is used, become . third order equations we propose to study the relationships between the symmetries of third order equations and those second order equations which can be obtained from them by the integration procedure we have outlined above. As we wish to explore the sources and fates of the widest variety of symmetry type, we consider the representative of the class of third order equations with maximal symmetry,¨iz.
. w x which has ten contact symmetries 23, p. 242 with the Lie algebra sp 4 5 .
Ž . We believe that it is appropriate to consider the contact symmetries of 32 since these are the symmetries of any third order equation which can be determined unambiguously with confidence of completeness. Of these ten symmetries seven are point symmetries of Cartan type, i.e., the finite w x transformations which they induce are of Kummer᎐Liouville form 18, 24 w x or, as some later writers prefer it, fibre-preserving transformations 15 . There are those who would restrict all symmetries to those of Cartan type, Ž . but this confines the membership of the equivalence class of 32 and we find this to be overly restrictive. For example the Kummer᎐Schwarz Ž .
Ž . w x belongs to the equivalence class of 32 under contact transformation 5 , but it does not under a fibre-preserving transformation.
Ž . Although we look to the generalised Riccati transformation 25 to be the vehicle to increase the order of a second order equation, we make free Ž . to use any of the ten symmetries of 32 to provide an integrating factor for the production of an integral and its subsequent identification as a second order differential equation.
Ž . In Section 2 we look at the ѨrѨ y symmetry of 32 in some detail so that our methodology is obvious. Since the methodology is standard for all symmetries, we summarise the results for the second integral associated Ž . with G in Section 3. As third order linear equations do not all have sp 4 1 symmetry, in Section 4 we consider the case of linear equations of lower symmetry to compare the outcomes with those already observed. We conclude with a discussion in Section 5 in which we highlight the major results of our study.
Before we begin we establish our notation. We first explain the notion of the differential equation associated with a first integral. Consider the equation
its first integral I s f x, y, yЈ, . . . , y Ž ny1. , 3 5 Ž .
Ž . Ž . However, the correct procedure is to obtain 36 under reduction of order.
The contact symmetries of 32 are Table I we list the Lie brackets of the symmetries. In Table II we list the first integrals associated with each symmetry. To calculate the integrals associated with a symmetry G 1 we first calculate the three characteristics of the homogeneous linear 1 There are two opinions on the relationship between symmetries and first integrals. One would have that a first integral admits a symmetry. The other regards the symmetry as being the more fundamental object and the existence of the first integral as being a consequence of the existence of the symmetry. In this paper we adopt the latter opinion, but accept at times w x that the integral is sometimes more obvious than the symmetry. For example, see 3 . 
first order partial differential equation
which are, say, u,¨, and w, and second the two characteristics, p and q, which arise from the equation and all other integrals obtained from the symmetries are expressed in terms of combinations of these integrals in Table II .
THE SIMPLEST INTEGRAL
Ž . The simplest integral of 32 is I s yЉ . 4 4 Ž .
3
When treated as a first integral I has four point symmetries. We denote 3 w x the jth symmetry associated with the ith integral as X . For I they are 9
where we relate the symmetries of the integral, X , to the symmetries of 
in which the s l l 3, R has been decomposed into the subalgebras 2 A [
The first is the two element Abelian algebra of
the solution symmetries, the second is the three element s l l 2, R , characw x teristic of equations of maximal symmetry 28 , the third the homogeneity symmetry, and the fourth the two element Abelian algebra of the non-Ž . Cartan symmetries. We note that the division corresponds to that for 32 with the minor exception of the reduction of dimension from three to two of the two end Abelian subalgebras and the replacement of the non-Cartan Ž . U ᎐U is summarised in Table III . The reduced symmetries are calculated 1 8 Ž . according to 5 . We note some of the salient features. The most obvious one is the diversity of fates and sources of symmetries. Naıvely one would 
suspect that point symmetries would reduce to point symmetries, but that suspicion neglects the consequences of the value of the Lie bracket, w x G , G . When reduction is via G , the persistence of any other point persistence of invariance under translation in the independent variable, x, is not surprising as both equations are autonomous. That the scaling symmetry needs adjustment is also not surprising as we have written the Ž .
s l l 2, R subalgebra in the form appropriate to the order of the equation w x Ž . 28 . The integral I in 43 also preserves a self-similar symmetry, but it 3 differs from that of the equation as it must annihilate the integral whereas it need only give a multiple of the left hand side of the equation. The persistence of the homogeneity symmetry is not surprising. It can be a symmetry of an integral only if the integral is homogeneous of degree zero w x Ž . in y 7 and so is not a symmetry of 44 . For the differential equation one of the non-Cartan contact symmetries is preserved and the other two, as Ž .
well as the ''conformal'' member of s l l 2, R , become nonlocal. The
Ž .
conformal member of s l l 2, R and the second non-Cartan symmetry of the reduced equation are both derived from nonlocal symmetries. In the case of U the nonlocal symmetry is not a generalised nonlocal symmetry, 8 but a nonlocal contact symmetry. We recall that for a derivative dependent symmetry to be a contact symmetry the second derivative cannot occur in its first extension and that there exists a characteristic function, W, such w x that 23, p. 94
We have in the variables of 32
Ž . so that with 50
Ž . Hence U is a nonlocal contact symmetry of 32 . 8 That the descendant of G in Table III arises as a combination of point 5 Ž . symmetries of 47 may be initially surprising. However, this can be easily Ž . Ž explained by recalling that 32 possesses a ten parameter symmetry the . separation into ten one parameter symmetries is utilitarian . Reduction via Ž . 49 results in a nine parameter symmetry and, if we only require local symmetries, then it is a six parameter symmetry. We are now free to take any combination of parameters as a symmetry of the reduced equation.
Ž . Ž .
For 47 it is usual to maintain the subalgebraic structure of s l l 3, R .
THE SECOND INTEGRAL
The second integral associated with G is 1 I s xyЉ y yЈ 54 Ž .
2 w x which has the three symmetries 9
X s G . 23 5 The differential equation Ž .
and has the symmetries
We summarise what happens to the symmetries of 32 and 56 under the Ž . transformation 57 in Table IV . We note that there is a decrease in the number of inherited point symmetries which can be attributed to two sources. One of them reflects the reduction in the number of point Ž symmetries of four for the associated first integral I to three for I the respectively.
EQUATIONS OF LOWER SYMMETRY
additional contact symmetries and for n s 3 the linear equations with n q 2 or n q 1 symmetries have no contact symmetries which are not w x point symmetries. Representative equations of the third order are 9 y ٞ y y s 0 6 1
Ž .
with the symmetries
2 w x where 1s 0, and 9; 17, p. 512
Ž . If we consider reduction of 61 via G , the four remaining symmetries 1 become point symmetries of the reduced equation, as expected. Two additional symmetries come from nonlocal symmetries and the remaining two come from nonlocal contact symmetries. Thus we have
U s e¨q¨ y 1 , Ž .
8

Ѩ u Ѩẅ
here the parameter is a solution of 2 y q 1 s 0.
Not surprisingly the two equations which arise when the other two solution symmetries, G and G , are used reflect the same behaviour. Equation 2 3 Ž . 66d , the homogeneous form of which has attracted attention in the past w x Ž 26, 19, 21 , has eight point symmetries all descendants of nonlocal and . nonlocal contact symmetries and so is linearisable by a point transforma-Ž . tion. Equation 66e is the only one which ''behaves'' itself. The Lie bracket of G with the three solution symmetries is not a multiple of G 5 5 and so these cannot be symmetries of the reduced equation. It is zero with the homogeneity symmetry, G , and it so happens that its descendant is the 4 Ž . sole point symmetry of 66e .
Ž . In the case of 63 the three solution symmetries lead to linear equations which have eight point symmetries. The two surviving solution symmetries are solution symmetries of the reduced equation and the homogeneity symmetry remains just that. The reduced equations have five Type II Ž . hidden symmetries which have their origin in nonlocal nonlocal contact symmetries. None of the four point symmetries is a symmetry of the reduced equation obtained using G . Naturally G is expended in the 4 4 reduction. The three solution symmetries become nonlocal due to a spare w x Ž . y which is exp H¨du in terms of the reduced variables. However, 67d does have eight symmetries and is therefore linearisable by a point transformation.
SYMMETRIES OF THE FIRST INTEGRALS
Ž .
w x The three linearly independent first integrals of 61 are 9
J s e yx y q yЈ q yЉ Ž .
1
J s e y x 2 y q yЈ q yЉ Ž . Ž . These are the point symmetry descendants of 
Ž .
does not arise from the reduction of a point symmetry of 63 . Only symmetries which arise from reductions of point symmetries of the original equation can be considered in making the stronger connection between symmetries of differential equations and their associated first integrals.
CONCLUSION
The concepts of integrating differential equations and reducing their order were shown to be fundamentally different. The number and forms of the symmetries of a first integral and its associated differential equation can be deduced from those of the original differential equation in a more or less transparent fashion. What would be of interest would be a deeper connection between first integrals and their symmetriesᎏin this regard it would be desirable to develop a means of finding integrating factors for equations of order higher than the first using the symmetries. In this manner one could always explain the existence of first integrals in terms of the Lie theory, i.e., use the symmetry property of differential equations. w x We note that it has been shown 3, 10 that the concept of symmetry must be broadened to beyond solely point for this goal to be realised.
We have seen that the existence of hidden symmetries is a very common matter in ordinary differential equations. The persistence of symmetries through the process of reduction of order is a chancy business and is governed, in part, by the Lie brackets between the reducing symmetry and each of the others. A glance at the listing of Lie brackets for the third Ž . order equation of maximal symmetry 32 in Table I indicates that, at best, Ž . we can only expect six of the symmetries comprising sp 4 will survive the process of reduction of order. A closer examination of Table I reveals that reductions via all the symmetries except for G and G lead to second 5 7 order equations with at least four symmetries. As a second order equation w x can only possesses 0, 1, 2, 3, or 8 point symmetries 27 these equations Ž must possess eight and are hence linear or linearisable via a point . transformation . In the case of the reduction via G , the second order 5 
Ž
. equation possesses at least the reduced forms of G , G , and G . These of G , the reduced symmetries G , G , and G form s l l 2, R which means 7 4 5 6 that the second order equation possesses either three or eight point w x symmetries 25, Theorem 5.2 . A simple calculation shows that the equaw x Ž . tion is that studied in 26 and is linearisable. Thus all reductions from 32 using its contact symmetries result in linearrlinearisable second order equations.
It is worthwhile mentioning that the above conclusions were reached by Ž . considering the full contact symmetry algebra of 32 . It is a trivial matter w x to prove an extension of 29, Theorem 2.60, p. 148 that, if an equation is invariant under a two parameter group of contact transformations, the reduction via the normal subgroup results in the other becoming a point symmetry in the variables of the reduced equation. This extension justifies the comments made in the previous paragraph. We note that our conclusions would have been far weaker had we ignored the contact symmetries as, in that instance, we would have noted that Table I implied that only reductions via G , G , and G resulted in linearrlinearisable second order 1 2 3 w x equations. This further supports the case made in 5 that contact symmetries must be considered when equations of order greater than two are studied.
When we look at the representative equations of lower dimensional algebras, we see that it can happen that the reduced equation will not inherit a single point symmetry from the parent equation. This does not appear to indicate that the reduced equation will have less symmetry compared with the equation of higher symmetry. In fact all four possible Ž . reductions of 63 lead to second order equations with the maximal point Ž . Ž . symmetry algebra, s l l 3, R . In the case of 67d all of these symmetries have their origins in nonlocal symmetries at the third order level.
A strong case for the use of nonlocal symmetries of second order equations to extend the number of equations which can be reduced to w x quadratures has been made recently by Govinder and Leach 11 . The Ž . examples of wastage of point and contact symmetries in the reduction from third order to second order which have been given here further highlight the need for a greater understanding of the properties of nonlocal symmetries and their uses.
The ultimate goal will be a means of determining, a priori, the useful Ž symmetries of a differential equation. Here ''useful'' symmetries are those which cause the reduction of the equation to quadratures and the concept . of symmetry is extended beyond point.
